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ABSTRACT
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1. Introduction

Assume that f: V C R — R*,Vzy,20 € V and v € [0,1] if the next
inequality f(yx1+ (L —7v)z2) < y*f(z1)+ (1 —7)*f(z2) holds, then f is called
a generalized convex function (GC) on V' (Mo et al| (2014))) and when o =1,
we have convex function (Hormander| (1994])).

Recently, researchers have payed attention to convexity of functions to solve
some problems in economy, biological system and optimization, for instance,

(see Grinalatt and Linnainmaal (2011), Ruel and Ayres (1999)).

Let h € m],&?j) be a GC on [k1, ko] with k1 < kg. Then

p(B5) < S n < MR )

is known as generalized Hermite-Hadmard’s inequality (Mo et al| (2014)).
Ifa =1in , then we have the classical Hermite-Hadmard’s inequality
(Dragomir and Fitzpatrick| (1999)).

From (Mo and Sui| (2014)), we state the next definition:

Definition 1.1. A function h: Ry — R®, is called generalized s-convex (0 <
s < 1) in the first sense which is denoted by GK} (in the second sense which
is denoted by GK?) if

h(viz1 +y222) < ¥1%h(21) + 75" h(22), (2)

Va1, 22 €ERy V1,72 >0 withy +45 =1 (1 +72=1).

The following theorem was proved by |Dragomir and Fitzpatrick (1999):

Theorem 1.1. Consider h: R, — Ry is a function where h € GK? , 0 <
s <1 and wi,wy € Ry, wy < wy. If h € L*([wy,ws)), then

95-1p (“’1 ;l"?) <1 /w2 h(w)de < M) Fh0w2)

T w2 — w1 Sy, - s+1
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Theorem 1.2. Consider f: Ry — R is a function where f € GK? , 0 <
s <1 and wi,wy € Ry with wy < wy . If f € LY([wy,ws)), then

20((571)‘]0 <'LU1 +w2)

2
Il+a) o
< m 'U)lITS]g) (z)

< I'l+sa)T'(1+ )
= T+ (s + D)

(f(w1) + f(wa)). (4)

The proof of above theorem was started by Kiligman and Saleh| (2015a)).

A mapping h: [k1,k2] X [21,22] — R is a convex the co-ordinates on
[k1, k2] X [21,22] where k1 < kg and 21 < 29 if the next inequality:

h(yvr + (1 = y)ve, ywi + (1 = y)wz) < yh(vy,wr) + (1 —7) f(v2, w2)

holds V(v1, w1), (v2, wa) € [K1, k2] X [21, 22] and v € [0, 1].

Dragomir| (2001)) used the above defintion to obtain Hadamard’s inequality
for convex mapping on the co-ordinates on [u1, 2] X [11, 72] from the plane:

Theorem 1.3. Consider h: [p1, po] X [1,m2] € R — R is a convex function
on the co-ordinates on [p1, u2] X [m1,m2]. Then the following inequalities hold

i w1+ pe M+ n2
2 ’ 2

1 H2 2
< / / h(xl, -1'2)d551d-772
(h2 = p1) (2 —m) Ju, Jn,

< Ry, m) + h(pz, m) 4+ h(pr, m2) 4+ h(pz,12) (5)
_ 4 .

Co-ordinated s-convex function of the second sense was defined such as (Alo-
mari and Darus (2008alb))):

Definition 1.2. A mapping h: [wy,ws] X [21, 22] —> R is s-convex in the first
sense (in the second sense) on [w1,ws] X [21,22] where w1 < we and z1 < 2o if
this inequality : h(y121 + Y222, Y1y1 + Yey2) < Vih(w1,y1) + 75 f (22, y2) holds,
V(z1,y1), (¥2,92) € [wi,wa] X [21, 2] 971,72 2 0 with v + 793 =1(n +72=1)
and for some fized s € (0,1].
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The next theorem was proved by |Alomari and Darus| (2008b) :

Theorem 1.4. Consider h: [k1,ks] X [21,22] € RE — Ry is a s-convex
function (in the second sense) on the co-ordinates on [k1,ka] X [z1, 22]. Then

. K1+ Ko 21+ 22
45~ 1p
( 2 ' 2 )

1 K2 )
< h(xy,x2)dx1dx
= (k2 — K1) (22 — 21) /,ﬂ /z1 (21, 22)dmr

< h(k1,21) + h(ka, 21) + h(k1, 2k2) + h(K2, 22)
- (s+1)2

(6)

One of most important definitions in this paper is (see Kiligman and Saleh
(2015b))):

Definition 1.3. Suppose that f: [a1,az] x [b1,bo] € RE — R is a mapping
with a; < as and by < by, then

(i) f is called generalized s-conver (0 < s < 1) in the first sense which
is denoted by GEL (in the second sense which is denoted by GE? ) on

[a1, az]x [b1, ba] if f(v1a1+72m2, g1 +72y2) < A5 f (21, 51)+95° f (22, y2)
holds ¥(x1,y1), (x2,y2) € lax, az] x [b1,bo]; Vy1,72 = 0 with 74§ + 73 =1
m+r=1)

(i) f is called generalized s-conver (0 < s < 1) in the first sense wich is
denoted by GK! (in the second sense wich is denoted by GK2 ) on

51,82 $1,82
[a1, az] % [b1, bo], if there exists s1,s2 € (0,1) with s = 21522 such that

fnmzr +v2z2, iy +v2y2) <A f (@, y1) + 952 f(wa,2)  (7)

holds ¥(x1,y1), (x2,y2) € [a1,az] x [b1,ba]; Vy1,72 = 0 with v7* + 75> =1
(71 +v2 = 1) and for all fivred 0 < s1, 82 < 1.

The following results can be found in (Kirmaci et al. (2007)):

Theorem 1.5. Suppose that hy,ha: [p1, 2] € Ry — Rypg,pu2 € Ry, g <
uz are functions where ha, hihy € LY([u1, u2]). If hy is non-negative convex
function on [u1, ue] and hy is s-convex on [p1, usl, for some 0 < s <1, then

sy [ Bt p2 P+ po 1 K
9 _
hy < 2 ) ho ( 5 ) s — [Ll h1($)h2($)d$

1
= (s+1)(s+2)

Ty (1, p2) + To(pe1, p2) (8)

1
s+ 2
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where
T (p1, p2) = ha(pa)ha(pn) + ha(p2)he(p2)

and

To(pa, p2) = ha(p1)ha(p2) + ha(p2)he(p1)-

Theorem 1.6. Suppose that hy, ha: [p1, 2] € Ry — Ry, e € Ry, <
pe are functions where ho, h1hy € Ll([,ul,,ug]), If hy is non-negative convex
function on [p1, p2] and he is s-convex on [uy, pe], for some 0 < s < 1, then

! /“2 hi(z)ha(z)dx

p’zilu'l M1

1
< —T
D 1(p1s p2) +

1
mTQ(Ml’ M2) (9)

where Ty (p1, p2) and To(py, p2) are defined in Theorem .

Theorem 1.7. Suppose that hy, ha: (1, 2] SRy — Ry pg, 2 € Ry, g < po
are functions where hi,ha,hihy € L'([u1, u2]). If hy is si-convex and hy is
So-conver on [u1, ua], for some fized 0 < s1,s2 < 1, then

! /M2 hi(x)ha(z)dz

H2 — 1 H1
1
T s1+s2+1

where Ty (p1, p2) and To(u1, p2) are defined in Theorem .

Ty (1, p2) + B(s1 4+ 1,89 + DT, p2), (10)

2. Inequalities for Products of Two Generalized
Functions

In this section, some new inequalities for products of two functions on fractal
sets are established.

Theorem 2.1. Suppose that hy, ho: [w1,ws] — R* wi,ws € Ry w1 < wa are
functions where ha, hihe € LY([wi,ws]). If hy is a non-negative generalized
convez function on [wy,ws] and hy € GK2 on [w1,ws] for some fized 0 < s < 1,
then

1 1 w2

I(1+a) (wy —wy)® hi(x)ha(z)(dx)®
L1+ (s+1)a) I'(1+ sa) L(1+ (s+1)a)
= mﬂ(whwz) + [1"(1 +(s+1a) a T(1+ (s +2)a) To (w1, ws),
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where

T (w1, ws) = hy(w1)he(wy) + hy(w2)he(ws)
and

Tg(wl,WQ) = hl(W1)h2(W2) + hl(W2)h2(w1)~

Proof. Since hy is a generalized convex and hy € GK?2 on [wy, ws] and they are
non-negative, then
hi(ywr + (1 = y)wa2)ha(ywr + (1 — y)w2)

< AT Ry (wy)ha(w2) + 7 (1 = 7)**ha(w1)ha(w2)

+y (1= 7) ha(w2)ha(wr) + (1= 7) T hy (w2)ha(wa), ¥y € [0,1]

therefore,

1
I1+a
1+ (s+1)a) I'(14 sa) F'l+(s+1)a

1
e / by + (1 — y)wa)ha(yws + (1 — 7)wa)(dy)®
I
T(1+ (s +2)a )h t(wn)ha(wr) + {F(l +(s+1)a) I+ (s+2)a

IN

; h1 (wl)hQ(U}Q)

I'(1+ sa) 1+ (s+1)a) 1+ (s+1)a)

)
TRt )F(1+(s+2)a)]hl(w?>h2(w1)+r(1+(s+2m)

hl(’wg)hg(UJQ).

This completes the proof. O

Remark 2.1. 1. As aspecial case when a =1 in Theorem[2.1], then we get
inequality @ .

2. If one choose « = 1 and hy : [wi,ws] — R where hy(z) =1, Va €
[wy, wa] in Theorem 2.1} then we have the right hand side of (3).

3. If hy: w1, wa] — R where hq(z) = 1%, VYV € [wy, ws] in Theorem
then we have the right hand side of .

The following function will be used in the next theorem S, (z1,x2) =
Jo 72ED (1 = 4)2 @D (dy)2, 2,25 > 0.
Theorem 2.2. Suppose that hy, ha: [w1,ws] — R* wi,ws € Ry, w1 < wa are
functions where hy, ho, hiho € L'([wi,ws]). If hy € GKE1 and hy € G'Kf2 on
[w1, wa] for some fized 0 < s1,s2 < 1, then
1 1 w2
F(l + a) (wQ - wl)a w1
D1+ (s1+ s2)a)
(14 (s1+s2+ 1))

hi(x)ha(z)(dz)®

<

Ty (w1, w2) + Ba(s1+ 1,89 + 1) T (w1, ws),

I'(l+a)
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where Th (w1, we) and To(wy,we) are defined in Theorem .

Proof. Since hy € GKZ and hy € GK2, on [wy, ws] and they are non-negative,
then

hy(ywr + (1 = y)wz)ha(ywr + (1 — 7)w2)
< 70‘(51+52)h1(W1)h2(w1) + (1 — )2 hy (w ) ha(w2)
_’_,ya@(l _ ’y)aslhl(WQ)hg(wl) + (1 _ ,y)a(51+82)h1(wv2)h2(w2),V’y € [0, 1].

Then

ﬁ/o hi(ywr + (1 = y)wa2)ha(ywr + (1 = 7)w2)(dy)*

L(1+ (s1+ s2)a)
T+ (s1+s2+1)a)

[h1(w1)ha(w1) + hi(w2)ha(w2)]

+ﬁh1(w1)h2(“’2)ﬂa(81 +1,80+1)

1

+mh1(w2)h2(w1)ﬁa(32 +1,5 +1).

Therefore, we have

1 1 w2 .
1+ @) (w2 —wi)® /wl fi(@) fa(@)(dz)

I(1+ (514 s2)a)
T T(14+(s1+ 52+ 1)a)

Ty (w1, w2) + Bal(si +1,s9 + 1)T (w1, wa).

T(i+a)
(12)

The proof is complete.

O

Remark 2.2. As aspecial case when o = 1 in the above theorem , then we
obtain inequality (@

Theorem 2.3. Suppose that hq, ho: [w1,ws] — RY, w1, ws € Ry, w1 < wy are
functions such that ho, hihy € LY ([wy,ws]). If hy is a non-negative generalized
convez function on [wy,ws] and ha € GK?2 on [wy,ws] for some fited 0 < s < 1,
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then

v [ () (5)

wa
ha( )(dx)®
2as W2 —Wl / 1 x x) }

! L + so) 1+ (s+Da)

< gas {[F(l +(s+1)a) I(1+ (5+2)a)} Ty (w1, ws)
D+ (s +Da)
L(1+ (s +2)a)

(wl»wz)} :

where Th (w1, ws) and To(w1,ws) are defined in Theorem .

Proof. Setting

wy +wy  ywp 4+ (I —y)ws (1 —y)wr + ywy
2 2 * 2 ’

which gives

()
a(s+1)
<(3)  Mbur+ =t + 0=
+/1((1 = y)ar +vaz2) f2((1 = y)ar + yws)]

a(s+1)
n () (I ha (1) + (1 — ) A (w)] [(L— 7)™ hawr) + 7 ()]

2
+ [(1=7)%ha(w1) +7"ha (w2)] [Y**ha(wi) + (1 = 7)* ha(w2)]} -

Then
r(11+a)h1 (wl ;w2> ha (W ;w)
= (DMSH) F(le(r a) (ws jwl)a /ww ha(@)hy(x)(dz)®
’ G)aw G T e e KT
s O T )}
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O

Remark 2.3. 1. If one choose « = 1 in Theorem [2.3 , then we have in-
equality (@

2. When o = 1 and f1: [a1,a2) — R, where f1(z) =1, V& € [a1,az] in
Theorem[2-3, then

”, <a1+ag)_a2a1/ (e < L2000+ Falez).

s+ 1

3. Some Generalized Hadamard-Type
Inequalities

The next inequalities is considered as generalized Hadamard type inequali-
ties connected with inequality ) for GK?

S$1,52

Theorem 3.1. Let f: [wi,ws] X [21,20] € RE — RY be a function where
feGKZ , on|wi,wa] X [z1,22]. Then one has the inequalities:

gals2—1) 4 ga(si—1) (o +wy 21+ 22
2 2 ’ 2

2(1(5172)
S 71—\(1 +O[) I(a)f <SC17 21 +22>

(w2 —w1)e o 2

2(1(52 2) Z1 —+ )
@a—mr“+“>e22f( =)

S (wa — w1)* (22 — 21)® / _/Z1 f(@1, 2)(dw1)® (dwe)®
Fl+sio)l(14+a) I'l+a) (@) (@)
= T + (51 + Do) (w2 — wr)? [ oI e+l )

I'(1+s:0)l(1+a) T(1+a) .
20T(1 + (s2 4+ )a) (22 — 21)® [ Zl]éz)f(wl’m)"" z1 22 f(w2 952)]

() (o]« e )

(f(wy, 21) + f(wr, 22) + f(w2, 21) + f(wa, 22)) - (14)

The above inequalities are sharp.
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Proof. Because of f € GKSl s, ON [W1,w2] X [21, 2] if follows that the mapping
for: [21,22] — RS, fa, (x2) = f(21,22) is a generalized s;-convex on [21, 22] ,
Va1 € [wy,ws] with 0 < 51 < 1, then by appling , we get

9o g, <Z1 + zz)
2

I'l+a)
<17
> (22_21>a 1129 f 1(132)

< 14 s10)T(1+ «)
- F(l + (81 + 1)04)

(f:r1(21) +f11(22)) (15)

Then
golsi—1) f (xh 21‘2FZ2>
< w I @y, m0)
< F(Fl(szi(ll;;)a) (f(z1,21) + f(21, 22)), Va1 € [wr, wa].
That is

20(s1-1) z1 + 22
1 "
(wg — wy)* (1+a) 1w2f< 2 )

S ey R R

I'(1+s50)0(1+a) (1+a) @ (g s
= F(1+(81+1) ) [(wg—wl) w1[w2 f( 1, 1)

+M U)lj'l(uoé)f(x17z2):| )
(w2 — wy)®

(16)

A similar arguments applied for the mapping f,, : [wi,w2] — RS, fu,(21) =
f(z1,x2) is a generalized sp-convex on [wy,wsq] for all xa € [z1, 2] With s €
(0,1).
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Then, it follows that :
ga(s2—1) w1 + we
Eal— | I ,
(22 — 21)0‘ ( + Ol) 1 z2 f ( 2 {172>

<

T (22— Zl)“(w2 —wp)® /z1 ws
(1 + s2a)T(1 4 ) [ I'l+a)

f(@1, 22)(dx1) (dz2)”

I f(wy, x2)

>~ F(]_ + (82 + ]_) ) (22 _ Zl) z1dzy
(2514;103) lez(g)f(wz,@)] _

(17)

Summing inequalities and , give the second and the third inequal-
ities in .

Then, by () , we obtain

) L2
(18)

gols2=) fapy dwe 2y 4 29 20(s2=2) wy + wa
< r(1 .
20 f( 2 2 )_(zQ—an (1+2) 1z2f(

and

4o(s1—1) 9a(s1—2)
f<w1 + wa Z1+Zz) < : T(14a) wI@f <x1721+z2).

2« 2 ’ 2 wo — al)‘l Witws 2
(19)

Adding and we get the first inequality in .

Here, we find

Tl+a) (@) f(p, o) <« LATs1A+) 0 .

(U}Q — wl)a 'LU1Iw2 f( 1 1) S F(l + (81 + 1)0{) (f( 1 1) + f( 2, 1))
TIl+a) M1+ s0)T'(14 «)

(wz —wy)> " w2 f(xh 2) < M1+ (s1+1)a) (f (w1, 22) + f(w2, 22))
TLO+0) iy gy < PO+ S20)004a) 0

(2:2_21 a Z]Iz2 f( 1 2) S F(1+(82+1)O[) (f( 1, 1)+f( 1, 2))
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I'(l+a) I(1+ s2a)T(1 + )

LI < .
(22 — 21)e 1'% f(wa, 2) < T(L + (52 + 1)) (f(w2,21) + f(w2, 22))
Adding the above inequalities we get the last inequality in (14)). O

Remark 3.1. 1. As aspecial case when s1 = so = 1, and o = 1 in ,
then this inequalit reduced to inequality @

2. Similarly, in , if s1

redaced to inequality (@

so and o = 1, then the inequality i

4. Inequalities for Product of Two Generalized
Functions

In this section, we give some new inequalities for product of two functions
on the co-ordinates on fractal sets.

Theorem 4.1. Let hy,hy: [w,ws] X [21,22] C Rf_ — RYwy < wa, 21 < 29
be functions where hy, ho, hihy € L?([wy,ws] X [21,22]). If hy is a non-negative
generalized convex on the co-ordinates on [wy,ws] X [21, 22] and hy € GKZ,
on w1, ws] X [21,292] , YO < s1,82 < 1, such that s = %, then one has the
inequality:

1 1
T+ )2 (03 — o1 (5a = 21)0 / / hi(xy, x2)ho (21, x2)(dry)* (dag)™
< (;) {(p? + p3)T1 (w1, w2, 21, 22)

+(p1q1 + p2g2)To(wi,wa, 21, 22)
+(q7 + @) Ts(w1,wa, 21, 22) } (20)

where

Tl(wlaw%zla 22) = h1(w17 21)h2(w1721) + hl(w27 Zl)hz(wz,Zl)

+hi(wi, 22)ha(wi, 22) + hi(we, 22)h2 (w2, 22),

To(wi,w2,21,22) = hi(wy,21)he Wi, 21

3

&

£

N

™)
vor T

>

[V
SoS s s

€

[\v)

I\

no
2o

+

>

3

&

V)

I

V)
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[\
SoS s s
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T3(W1,w2721722) = hl(wl,zl)hz(wz,zz) + hl(wz,zl)hz(wl,zz)
+hi (w1, z2)ha(wa, 21) + hi (w2, 22)ha(w, 21)

and
(14 (s2 + 1)) P(1+s2a) T+ (s2+1)a)
P PA 1 (s +2)a) T T+ (s2+Da) D1+ (s2+2)a)
1+ (s1+1)a) Fl+si) T+ (s1i+1a)
P At (1 +20a) PTTA+ 1+ Da) DA+ (s1+2)a)

Proof. Because hy is a generalized convex function and hy € GKZ ., on
[w1,wa] X [21,22]. Therefore, the partial mappings hi., and hi,, are gener-
alized convex and non-negative on [wy, we| and [21, 22|, respectively. Also, hag,
and hg,, are generalized s1-,s9- convex on [wy,ws] and [z1, 23], respectively,
Voy € [wi,wa],z2 € [21,22], Vs1,82 € (0,1), such that s = 2252, Now, by
applying hlm (xQ)hQQH (x2) to on [21, 22]7 we get

1 1
O+ @))? (w2 = wi)*(22 —

w2 z2
— / / ha(wy, m2)ho (w1, w2)(d21)® (dw2)®
Zl) w1y Z1
1 w2

1+ a) (w2 —wy)® Jy, ha (@1, z1)ha (w1, 21)(d1)

<p [
1 1
(14 ) (wy —wy)®

1 1 w2
h h dx1)”
i rern AR ECRS I

N /m ha (a1, 22)ha(@, zz)(dzl)a}

w1

1 1 w2 .
T+ ) (e — i) /w ha (@1, 22)ha(1, 21) (de) } .
(21)

Now, by appling in and a combination the result and , we get

1 1 w2z
h h dx1)*(dx)”
T+ )2 (ws —w1)o (22 — 21)° /w / o, E2)halo, ) (den )" (dez)
< piTi (w1, w2, 21, 22) + P11 To (Wi, we, 21, 22) + q1T5(w1, w2, 21, 22).
(22)
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Similarly , if we apply h1,, (z1)he,, (71) to on [wy,ws|, we get

1 1 w2 =2 o o
TAT @) (ws w1 (s = 51)° /w / Palon, ma)hal(n, @) ) (dz)

1 «@
< (3) (OGR4 BT wm,a.2)

+(p1g1 + p2g2)To(wi, we, 21, 22)
(47 + 63)Ts (w1, wa, 21, 22) } -

Remark 4.1. If we take a = 1 and s = s; = s9, then we get

(wg — wl%(ZQ —z1) /1:2 /:2 filas, xo) fa(@1, w2)(dar) (d2)
< ﬁTl(wl)w%ZlyZQ)

+mTz(wlyw2a 21, 22)

1

T v E 22),

which was proved by [Akdemir and Ozdemir| (2015).

Theorem 4.2. Suppose that hi, ha: [wi,ws] X [21,22] C Ri — R* w; <
wa, 21 < 2y are functions such that hy, ho, hihy € L?([w1,ws] X [21, 22]). If hy is
a non-negative generalized convexr on the co-ordinates on [w1,ws] X [21, 22] and

ho € GKEh52 on [wy,ws] X [21,22] , VO < 81,82 < 1, such that s = %, then:
1 w1 +wo 21 + 22 W1 +wo 21+ 22
2a(51+52+1) h h
T(1+a)2 2 2 2 2 2
< 9a 1 1

T (P +a))? (we —wi)*(z2 — 21)*
/ / hl(l‘l,xg)h2($17$2)(dxl)a(dx2)a

w1 zZ1
+(qf + 43 + 2%gep1 + 2°qup2) Th (w1, wo, 21, 22)
+(p1q1 + p2g2 + 2%2q1 + 29p1p2) T (w1, wa, 21, 22)
+(pF + p3 + 2%paqs + 2°p1go) T3 (w1, wa, 21, 22)

where T (w1, wa, 21, 22), T2 (w1, we, 21, 22) , T3(w1,w2,21,22), P1, q1, p2 and
q2 are defined in Theorem [{.1}
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Proof. Applying

9as1py, <w1 '2HU27 z1 ‘522) hy <w1 ;-UIz’ 21 -QFZz>

and

9os2 <w1 '2HU27 Z1 ‘522) By <w1 —;—w27 21 -QFZz>

to and multiplying both sides by 2%°2 and and 2%°1, respectively, then
dividing both sides by I'(1 + «). After that adding the results

go(s1+s2+1) 1 h witws 2zt 2 ho witws z1+2
T +a)2 2 2 2 2

1 1 w2 21 + 29 21 + 29
< Q@82 h «
ST TR @ a)e / ! (96 2 ) ha (9” 2 ) (dz)

1

1 1 z2 w1 + wo w1 + wo
+20%1 / h x| h 2 | (dg)®
(F(l Jra))z (22 _ Zl)a . 1 ( B) x2> 2 ( B) 962> ( $2)

1 21+ % +
+C]2 2a52mh1 (wla ! 2 2) h2 <w17 2 ZQ)

1 z1+ 2o z1 + 22
2% __ |}
2 gt (v 25 e (25|

[ 1 21+ 2 +
+p2 QQSQW}“ (wla 1 5 2) h2 (WQ’ Z1 ZZ)

1 21+ 29 21+ 29
2052~}
2 gt (o 2 e (o 252

1 w1 + wa w1 + w2
21 h
+q1 i I +a) 1 ( 5 ,Z1> ha ( B 721)

1 w1 + wo w1 + W2 |
g h h
+ T+ o) 1( 5 ,Z2> 2( B 722)_
[ 1 w1 + wo w1 + wo
2051 h h
+p1 _ Tl +a) 1 ( 5 ,Z1) 2( B 722>

1 w1 + wa w1 + Wwa i
2951 h h .
" r<1+a>1< 2 > ( 2 )

(23)
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Thus, applying to each term within the brackets and a combination of
the result inequalities and , we get

Qa(81+52+1)

1 h w1+ w2 21+ 22 h w1+ w2 21+ 22
TA+a)? " 2 2 ? 2 2

1 1 «2 21+ 29 21+ 29
< 9as2 e
<G f, M (e (o2 ) )
1 1 #2 w1 + wa w1 + wa
2051 h h dxo)®
+ TATa) e a)" /Zl 1 ( 5 ,x2> 2 ( 5 ,xz) (dz2)

TP, M)’
e le= ar [ e a2t a2 e
+F<1:_a)p (29 — 21) /22 ha(wi, x2)ha(ws, x2)(da2)”
+F(1 :— a)p2 (22 —21)e /Z2 ha(wa, x2)h (w1, 22)(dz2)”
+F(1+Oé) (wg — wy)” /wwz hi(z1, 21)ha(21, 21) (dr)”
+F(11+04) (W2 —wl) wlzhl(xl’ZQ)hQ(xl’ZQ)(dxl)
+F<11+a>p1 (s - L ha (@1, 2)ha (@1, 22) (d)”
+ ! - hi(z1, 22)ha (21, 21) (dzy)*

T+ a)  (ws —wr)e

+(¢} + ¢3) T (w1, wo, 21, 22)

+(p1q1 + p2g2)T2(wi, wa, 21, 22)
+(p} + p3)Ts(wr, w2, 21, 22).

w1

Now, by applying

s 21+ 2 21+ 2
2%%2 hy (xl, ! D) 2)h2 <£E1, ! B 2)
20wlhl (xla 2’1;_22) h2 <x17 21—522)
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to , integrating over [wq, ws], [21, 22], respectively, then dividing both sides
by (w2 —w1)%, (22 — 21)%, respectively. After that by adding the results to ,
the proof is complete. O

5. Applications to Special Means

Here, consider the following generalized means: A(aj,as) = al;f“ , K(ai,as) =
2a 2a % 1
(‘112%) and G(ay,as) = (afa§)2, a1,ae > 0. Next, this example was

found in Mo and Sui (2014):

Let 0 < s <1 and af,a$,a§ € R*. Defining for € R4,

s ={ o e

a§n®** +a§ n>0.
If g > 0% and 0% < a$ < af, then f € GK2.
Proposition 5.1. Let ai,a2 € Ry,a1 < as and ax —ay <1, then :

o [T143a) T(1+2a)
[(1+4a) T(1+3a)

P(l1+a) ..T(1+2a)
:|K2(a17a2) < |:F(1—|—2a) -2 F(1+3a) G2(a1,a2).

Proof. If f; is a non-negative generalized convex function and f; is a generalized
s-convex on [a1, as]; then; in Theoremif we choose f1, fa: [0,1] — [0%,1¢],
fi(z) = 22, fo(x) = 2%, where z € [a,az] and s = 1, so

1 1 2 g
(e} d «
F(l + O[) (CLQ — al)o‘ /611 v ( JI)
T(1420) , 30, 34 Pl+a) TA+20)], 4 20 | 20.a
(11 3a) @ ) [T 20) (11 8a)) (207 )

<

=

1 F(l + 304) da da
(a2 —a1) T(1 + 4a) (a7 — a1®)

F(l + 20[) 3o 3 F(l + a) F(]‘ + QOé) (e e «a «
=~ F(1+3a) (a2 +a1 )+ F(1+20é> F(l+30{) (a’2a1)(a1 +0’2)'
By a simple calculation, we obtain the required result. O
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Proposition 5.2. Let a;,a2 € Ry,a1 < as and az —ay < 1, then :

1 2 I(14+2a) T(1+3a) TA+a)] .,
P ya) (0 [r(1+3a) TPt da) (42| © 002
. [I‘(1+2a) _ T(1+a)

= T +3a)  2°T(1 + 20)

] G?*(ay,as)

Proof. The result follows from Theorem with fi, f2: [0,1] — [0%,1%] ,
fi(x) = 229, fo(z) = 2*° where z € [a1,as] and s = 1. O

6. Conclusion

In this work, some new inequalities for product of generalized s-convex
functions on the co-ordinates on R® have been proposed. Further, some of
their applications have been presented.
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